The enstrophy cascade in a scalar model of 2D-turbulence is found to be less intermittent than the energy cascade in the 3D case. In particular, the fluctuations of 'the enstrophy spectral flux decrease with wavenumber in the inertial subrange. Also, the local Lyapunov exponent behaves less intermittently compared to the 3D case.
The average property of cascade process in fully-developed turbulence can basically be described universally by the Kolmogorov theoryl) (K41) in the 3D case and by the Batchelor-Kraichnan-Leith 2 )-4) (BKL) theory in the 2D case. However the fluctuations around the average state, whether temporal or spatial, are poorly understood. In order to obtain an insight into such a problem, temporal intermittency of the energy cascade has been studied in a chaotic cascade model of 3D turbulence and a: close correlation was observed between instantaneous behavior of energy flux and that of local Lyapunbv exponent.
S )
In this paper we treat a chaotic model of 2D turbulence whose average property has been found to be consistent with the BKL enstrophy cascade theory.6) Here we investigate fluctuations around the BKL scaling law mainly by examining instantaneous enstrophy flux and local Lyapunov exponent. The purpose of this paper is to compare the results· with the previously reported 3D case and to point out differences in the dynamics between the enstrophy and the energy cascade processes~
The model, first proposed by Gledzer,7) is constructed in the waveulJ.mber space discretized as kn=2n-lO(n=1 ~ N). The dependent variable Un represents the collective velocity of the shell at k=kn, and 1/2· Un 2 is the energy associated with the n-th shell. The total energy and total enstrophy are E='!E.nun 2 /2 and Q='!E.nkn 2 un 2 /2, respectively. The evolution equation for Un is taken to be,
where f denotes an external force which injects energy (and equivalently enstrophy)
at n=10 and 11, )) the kinematic viscosity and ))' the drag coefficient to prevent energy accumulation by inverse cascade. The constant en is unity for n=l ~9 and is null otherwise, and 0 Kronecker's delta. The drag term removes energy which comes to .. the lowest wavenumber range by inverse cascade to ensure statistical stationarity of the system. Equation (1) shares several properties with the Navier-Stokes equation, such as quadratic nonVnearity, conservation of energy, enstrophy and phase-volume in the inviscid case. We fixed the parameters as N =29, v=l x 10-
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Starting from an appropriate initial condition, we solved Eq. (1) numerically. We are interested in a statistically stationary state, which is realized after a transient period. We checked that this state was associated with positive Lyapunov exponents.
First, we confirm that the statistically stationary state satisfies the BKL scaling law. Figure 1 shows the time average of the enstrophy flux <r;(k», from lower to higher wavenumbers across k by the action of the nonlinear terms. We see that the enstrophy flux is roughly constant and equal to the time average of the enstrophy dissipation rate r;( ::::::2.2 x 10-4 ) over several decades of wavenumber (the inertial subrange). This implies that the system is in a statistically stationary state and that this range is free from viscous effects. We can see in Fig. 2 that in the inertial subrange the energy spectrum E(k) follows the BKL scaling law:
Similar features have also been obtained in the energy-cascading inertial subrange in the 3D case which obeys Kolmogorov's scaling law. Apart from the slope of the spectrum, no qualitative difference was observed between 2D and 3D cases so far as the energy spectrum and the mean spectral flux are concerned.
We now study the fluctuation of the enstrophy flux around the mean value <r;(k» by examining the mean square enstrophy flux <r;(k?>. Note that it can be taken as the variance of the enstrophy flux since <r;(k»2«r;2(k». In Fig. 3 we can see a remarkable decrease of the mean square enstrophy flux in the inertial subrange. Remember that in the 3D case the mean square energy flux was found to increase algebraically as k'" giving rise to the intermittency exponent .u ~ 0.3. The difference of the behavior of mean square flux suggests that of the dynamics between the energy and the enstrophy cascade processes. It should be stressed here that the 2D and the 3D models are essentially different only in the nature of constant of motion; in the inviscid case the 3D model conserves only the energy but the 2D model conserves both the energy and the enstrophy. This difference leads to an energy-cascading inertial sub range in the 3D case and an enstrophy-cascading inertial subrange in the 2D case. The difference may be reflected in the nonlinear time-scale r(k)*) in these two inertial subranges. It can be estimated phenomenologically as r(k)~ 7j-1/3 (independent of k) in the 2D case and as r(k)~c-1/3k-2/3 in the 3D case (c=energy dissipation rate). Below we discuss how such a difference in r(k) can be related to that of dyriamics of cascade.
In order to observe the fundamental process of enstrophy cascade, the instantaneous enstrophy flux is shown in Fig. 4 at t = 18600, 18602 and 18604. The enstrophy flux propagates in a form of bursts as the energy flux does in the 3D case. However, the following distinct features should be noted; i) the speed of the bursts seems unchanged in the log(k) space and ii) the height of the bursts decrease as it cascades through the inertial subrange. The first point can be explained heuristically as follows. Denoting the characteristic wavenumber of the burst by K(t), we have on dimensional grounds dK(t)/dt~7j1/3K(t) corresponding to k-independent time scale. This gives K(t)~log(7j1/3t), which indicates a constant speed of the bursts. Slower cascade speed' compared to the 3D case suggests that the bursts do not grow in magnitude to the same extent as in the 3D case. Rather, the bursts are seen to decrease with wavenumber as in Fig. 4 . This explains at least partly the decreasing mean square spectral flux in the inertial subrange (the second point). Next, in order to see the global structure of the enstrophy cascade, the locations of peaks of normalized enstrophy flux
on the log(k)-t plane in Fig. 5 . We can see that the peaks move roughly linearly on the log(k)-t plane consistent with constant speed of bursts. Although some blank regions are noticeable, we can find a peak in the inertial subrange at almost any instant of time. In this sense, the enstrophy cascade process is less intermittent than the 3D energy cascade (see Fig. 9 in Ref. 5)) where no peak is observed in the inertial subrange during some time intervals.*l In the 3D case once the energy starts to cascade in the form of the burst, it cascades faster and faster in the log(k) space consistent with r(k)~k-2/3. Accordingly it reaches the dissipation range in a time of order of the large-scale turnover time, and the next cascade starts after some time interval. However, in the 2D case, enstrophy cascades at a constant speed and it takes time of order of log(Re)(Re=the Reynolds number) to re~ch the dissipation range. This enstrophy cascade occurs rather incessantly and thereby makes it difficult to identify elementary processes in Fig. 5 . Within a framework of a particular kind of turbulence models, we have studied the fluctuations in the enstrophy cascade process around the BKL scaling law. The enstrophy cascade is found to be less intermittent than 3D energy cascade in the bahaviors of instantaneous spectral flux and of local Lyapunov exponent. The activated and the quiescent phases of the nonlinear interaction are not clearly distinguished . because of the less intermittent cascade process.
Even though the models and the N avier-Stokes equations have several properties in common, it is needless to mention that there are profound differences between· them. However, according to a recent numerical simulation of 2D turbulence,8) fluCtuation of enstrophy flux indeed decreases with wavenumber in the inertial subrange in agreement with the present results. It should be remarked here that the generalized dimension D2 of enstrophy dissipation region has been reported to be less than 2,9) which suggests that the enstrophy cascade process is associated with spatial inter· mittency. These results imply that the spatial intermittency in 2D turbulence does not necessarily lead to increasing fluctuations of the spectral flux. Although the mean characteristics of cascade process has been extensively investigated, less attention has been paid to fluctuations around the mean properties even for 3D turbulence. Studies on this subject are underway and will be reported elsewhere.
